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Conformal mapping
on Riemann metric



Differential

« Cauchy-Riemann equation
-Plane : df (i) = idf (1)
- Manifold : df (Jyv) = Jydf (v),Vv € T,M

» Spin transformation:

- Quaternions
u*




Riemann metric

* Riemann metric
-gp: TyM XT,M - R bilnear

-1X| = /g,(X, X),VX € T,M

-0[X,Y] = arccos(g,(X,Y)/|X||Y])

» Change with conformal mapping
-gpdf oX,df oY) = g, : T,MXT,M > R
~gp(X,Y) = [df QOlldf (V)| cos 6[df (X), df (Y)]
-g,(X,Y) =s%g,(X,Y), VX,Y € T,M

[ gp =€2’1gp, A : log conformal factor ]




Isometric deformation




&
Curvature @

 Normal curvature

* Principle curvature
Mean curvature:

ki + k,
=

Gaussian curvature:
K = k1 X kz




Uniformization Theorem

* Riemannian metric on any surface is conformally equivalent to one with
constant Gaussian curvature (flat, spherical, hyperbolic).




Uniformization Theorem

 Parameterization to canonical domain
 Cross-parameterization




Uniformization Theorem

* From curvature to metric
- Target curvature

1
K' =0, k' =-
r

- Log conformal factor
A:M->R

* Flattening to plane
-g' = e?g
- No distortion

10



Isothermal coordinate

* For any point p on Riemann manifold (M, g), 3U(p) € M and local
coordinate (s, t), S.t.

g = e (ds? + dt?)

—

)

‘w — & e”

(x, y)
g = Edx? + 2Fdxdy + Gdy*
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Gaussian curvature

JE VG
‘K = —¢;—G<<(gt> + C;Q) >= —e%,(mt +155) = —e~21An
t S

‘Setn -n+21, K =—e20+DAMm + 1)
cK' = e 2} —e PMAn — e H1AL) = e MK — AGA)

g =e’'g

12



Geodesic curvature

_df  (nE)

K= dr 2\G 2VE endr
‘Setn->n+1, k' =e D (kc — 0 (n + /1))
k' =e e Mk, —0p,n) —e M0, A) = e H(k — Y

S

0os 6@ +(1n6)ssin9 =ﬂ—%COSQ +Z—

n

sinf = e™" (k. — 0n,1)
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Yamabe equation

* Non linear differential equation
) {K’ = e ?A(K —Ag A)

k' =e i — M)

/’
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Conformal equivalence
of triangle meshes



Discrete conformal metric

- Smooth Riemann metric . Discrete metric
- |1X| = /g,(X,X),VX € T,M -l E->RY = e -
-1X'| = e*|X|,vX € T,M -l = WD) 1y 5 R
Vi
),
1%
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Conformal equivalence of triangle meshes

- From log conformal factor: Ij; = eX*4)/2],.

lkllm]

« From length cross ratio: ¢;; = = ¢jj = ¢
lml]k J !
V; Ui
/ L l1’nj Lk B(Ak"')‘l)/z L e()lm+/1])/2 Li lmj
Cij = 71 T j - N Cij

- 1.1 M P
For ijk, A{ log( ij lk/ll] lk) for imj, A mj _ = log( ll‘l’:l ij / ll,l‘rnl.l])
mj

Lik mj

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH.
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Optimizing log conformal factor

 Treating angle as functionof 1:V - R
UG+ U5 —Us

ke
6'/" = arccos

201! ,
ij ik vy
« Parameterizing to a planar shape v
= 2ijkest(i) 9’{k = 2m, Vi interior vertex
= 2ijkest(i) 9’{k = [3;, for i boundary vertex
v
J
« Optimizing a convex energy
1
~E) = ijker [ tiji G tr) + 5 25 aidi, £y = logly; v

_ 0E 1 1 jk . . 1 jk
A 5(“1’ - ZijkeSt(i) 0" ) =0=a = ZijkESt(i) 0"

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH.
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Optimizing log conformal factor

_ J _
«Feasible setof 1 : V - R k /
- Triangle inequality: < li; + 1 > L \____
U + Uy > Uy m
H . / 4 ! I.. 4 k Ik'
-Extending: If i + I}, < 1, 0’y =m, 0] =0'{" =0
* Optimizing method

- Gradient descent 64; = —% A
l a a A

- Newton method (Hess E - §1); =

_9E
EY

/11"‘/12"‘).3:0
tip =ty3 =1t31 =0

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH. 19



Geodesic distance

 Edge flip for global minimum A*
“lig + Uy < 1
-1l - 1, = e Am)/2],




Constraining length cross ratio

* Linearizing constraint: ,
L. L. -
logc;; = log(ﬂﬂ) = tyi + tmj — tim — tjx = const
Lim Lik

» Mesh conformal deformation
- Optimizing the vertex location v; € R3
- Treating the t;; as the function of v; = 6t = Jév
- Constraint Lt = const = Lét = LJ6v =10

* Minimizing energy E (v) under conformal mapping
- Local minima: < 3—5,61) >=0, Vév e {L/év =0}
- Projected gradient descent

Soliman, Yousuf, et al. "Constrained willmore surfaces.”" ACM Transactions on Graphics (TOG) 40.4 (2021): 1-17.
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Constraining length cross ratio

» Optimizing Willmore energy:
E(w) = [ [H®)|?dS

Soliman, Yousuf, et al. "Constrained willmore surfaces." ACM Transactions on Graphics (TOG) 40.4 (2021): 1-17.
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Plecewise
Mobius transformation



MObius transformation

*f: CU {0} > CU {0}
_ _az+b B _ __c(az+b) _ caz+ad _
f(z) = ad — bc # 0. (If ad = bc, then f(z) = et = D =

cz+d’
. . . . . 1
- Translation z » z + t;, dilation z » t,z, inversion z - -

« Circle preservation (Line as circle with radius oo)

Mobius

)

24



Piecewise Mobius transformation

* For the triangle ijk € T, consider a Mobius transformation:
= l]k € T, {Zi,Zj,Zk} c C
-f(2) =22 ad —bc =1

cz+d’

« Mapping of edges:
- Edge line to circle arc

i _ g aztb _azjtb 1 (zi - z))
i J 7 czi+d czj+d  (czij+d)(czj+d) \7 J Zj
. . . Zj
* Piecewise-compatible Z
- Denote D/* & —— —
czi+d
- Constraint on edge ij: D}“DFt = p™ pim
Zi Zm

Vaxman, A. et al. (2015). Conformal mesh deformations with Moébius transformations. ACM Transactions on Graphics. 25



Piecewise Mobius transformation

* Preserving length cross ratio:

_o o (zk—z)(Em=z)) lw;| = (zk=20(Zm=2j)| _ lkilm;
Yo (zimzm)(zj—2k) H (zi-zm)(zj-2K)|  limljk
S Y e T
gl = | yminiipkipti| 17VU1 = | ymiski| 17V
p™ b}, D D b D]
.- 'k j mjni 'k mj ,
- Combining D/*Dk' = D D™ = |p/*| = ||, v i

* Preserving circle intersection angles:
_ Re(wij)
wij

- Combining D/*D¥* = p/pi™ = D/*D” € R, Vi

- COSQ, =

Vaxman, A. et al. (2015). Conformal mesh deformations with Moébius transformations. ACM Transactions on Graphics. 26



Piecewise Mobius transformation

» Conformal constraint:
- Preserving length cross ratio:

jk
Di

- Preserving circle intersection angles: D/“D/™ € R, V i

DV, v i

- Preserving both: Dijk = Dimj,Vi (as Mobius as possible)

10
0 \
ier.

—3 ' log(err)
[ - ] [ ] S
0° cire 5° 0 MC 0.05 0° IAP 1°

Vaxman, A. et al. (2015). Conformal mesh deformations with Mébius transformations. ACM Transactions on Graphics.
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Ricci flow and Calabi flow



Riccl flow

- Ricci energy: E(g) = [ (K(g) + |Vf|?)e ' dy, f dilaton function
+ Ricei flow (gradient flow): 2% = —VE = —2(K(g) — K')g

- Conformal metric: g = e**g® = E(1) convex and % =K' —K()

/’
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Discrete Riccl flow

_

* Log conformal factor: A; :v; €V - R Vi

* Discrete Ricci flow: % = K] — K;

DISCRETE

Ki = 21m — z Hljk
tijreSt(l)

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009. 30



Gradient descent

* From A; to compute K; >

*Update : 4; « 1; + t(K' — K(1)) (

2 2 2
Ljtle—lik

2lijlik 2

'k
-K; =2m — Ztijkest(i) 6/ /\ Q‘)

* Dynamic triangulation

- Flip-on-degeneration .
- Flip-on-Delaunay-violation J'
b 4

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009. 31

N\
./

ik
- Hi] = arccos



Gradient descent

*Update : 4; <« 1; + t(K' — K(1))

* From A; to compute K;

2 2 2
Ljtle—lik

211

ik
- 91'] = arccos
ijtik

k
- Ki = 2w — Ztijke'gt(i) Hl]

* Dynamic triangulation

- Flip-on-degeneration
- Flip-on-Delaunay-violation

Initialize: 2; =0, ;=1

. Computing Hl.jk and K; using [;;

If ||K' — K|| < e, terminate
Update A; < A; + t(K' — K)

Ai+2‘j
Update I;; = e” 2z [; and dynamic
triangulation

Repeat 2-5

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.
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Newton method

e Gradient:
VE(A) = K; — K;

* Hessian matrix

_0K;

» Update :

A< A+ t(AHK - K)),

Initialize: 2; =0, ;=1

. Computing 6/%, K; and A using I;;

If ||K' — K|| < e, terminate

. Update 4; < 4; + t(A™"(K' = K)),

Ai+ﬁ.]’

. Update I;; = ez I}; and dynamic

triangulation

. Repeat 2-5

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.
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Dynamic triangulation

» Dynamic triangulation

- Flip-on-degeneration
- Flip-on-Delaunay-violation

106
* Newton method i
- Local flip
o 4
- Global solver E 10
3 108
<
§ 102
10!
10°

0.40s

| A

L.

1

Flip-on-Delaunay-violation

29.6s

Flip-on-degenerati

100

on

iime (s}

Campen, Marcel, et al. "Efficient and robust discrete conformal equivalence with boundary.” ACM Transactions on Graphics (TOG) 40.6 (2021): 1-16.



Plane embedding

d'
NS

Y 2
J&‘ﬁf@‘ggéAﬂ"’

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009. 35



Calabi flow

* Calabi energy: E(g) = [ (K(g) — K")?dA,

« Conformal metric: g = 62’180

« Calabi flow (gradient flow): % = —-VE = -2A(K(g) — K')g

= E (A1) convex and % =A(K'— K(1))

/’
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Discrete Calabi flow

» Log conformal factor:
A, €V ->RVI

* Discrete Calabi flow:
0A;
—=(A(K'—K)).
o (A( ),
» Gradient descent
» Approximate Newton method
d(AK-K'))
EY)
A2 L 0Dy
=A* + (K —K")

zAz

H =

. Initialize: /11' =0, ll] = l?]
. Computing Hijk,Kl- and A using [;;
. If||K' — K|| < e, terminate

. Update 4; « A; + t((Aor A™H)(K' — K))i

Ai+A]'

. Update I;; = ez I}; and dynamic

triangulation

. Repeat 2-5

Su, K. H., et al. "Discrete calabi flow: A unified conformal parameterization method." Computer Graphics Forum. Vol. 38. No. 7. 2019.



Sphere embedding

* Intersection of spheres

Iz —yli* = 1

- — ]2

lz — x||* = 15
llz||? = r?

* Intersection of line and sphere
(

2
<Z,y>=7‘2—%1
=4 2 15
<Z,X>=r7rT Y

L lz||I? =72

Su, K. H., et al. "Discrete calabi flow: A unified conformal parameterization method." Computer Graphics Forum. Vol. 38. No. 7. 2019. 38



Conjugate harmonic
functions



Conjugate harmonic coordinates

 Solving Laplacian equations:
. . . Au=0 . £ f A
- 22
For interior vertices { Ay = 0

- Boundary control b it F

« Dirichlet boundary condition: Hamonic, not conformal

- Boundary curve y: M — R?

u| _ ,v| _
oM Yu oM Vv

« Neumann boundary condition:

- Boundary gradients h: 0M — R?
aMu - hu, aMU - hv

Conformal, conjugate gradients

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics. 40



Boundary condition

« Yamabe equations:
K= e MK —0g D)
k' =e i — M)

* Integration:
_|AgadA = KdA — K'e**dA
OMAds = k — k' e?ds

* Discretization:
-(AD); = K; — K{
- ll{j — e(/’li+/’lj)/2[ij 2

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.




Boundary optimization

« Geodesic curvature k;
- Cumulative angle: ¥, = Y7_"
- Unit tangent vector: Tjj,, .. = (cosiyy,,sini,)

* Formulation:

) 425 \?
- Energy: Xijecom Lij (ll{j —e ¢z lif)
- Constraint: ¥ icapy li;Tij = 0

* Boundary curve:
- (ug,v1) = (0,0)
= (up, ¥p) = Zijey,, LisTi

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.
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Boundary first flattening

 For boundary, specify either length (or curvature) of target curve
» Solve Yamabe problem to get complementary data

» Optimize boundary data to get close boundary curve

» Solve conjugate harmonic coordinates

Re(f)

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics. 43
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