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1Conformal mapping

on Riemann metric



Differential

4

• Cauchy-Riemann equation
-Plane : 𝑑𝑓 𝑖 = 𝑖𝑑𝑓(1)

-Manifold : 𝑑𝑓 𝐽𝑀𝑣 = 𝐽𝑁𝑑𝑓 𝑣 , ∀𝑣 ∈ 𝑇𝑝𝑀

• Spin transformation:
-Quaternions

𝑀

𝑓(𝑝)

𝑓 𝑑𝑓(𝑣)

𝑁

𝑝

𝑣𝑤 𝑑𝑓(𝑤)

𝑝
𝑓(𝑝)

𝑓𝑣𝑤
𝑑𝑓(𝑤)

𝜃
𝜃

𝑑𝑓(𝑣)

𝜃 𝑥

ത𝑞𝑥𝑞𝑢



Riemann metric
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• Riemann metric
- g𝑝 ∶  𝑇𝑝𝑀 × 𝑇𝑝𝑀 → ℝ bilnear

- 𝑋 = g𝑝 𝑋, 𝑋 , ∀𝑋 ∈ 𝑇𝑝𝑀

- 𝜃 𝑋, 𝑌 = arccos(g𝑝 𝑋, 𝑌 /|𝑋||𝑌|)

• Change with conformal mapping
- g𝑝 𝑑𝑓 ∘ 𝑋, 𝑑𝑓 ∘ 𝑌  ⇒ g𝑝

′ ∶ 𝑇𝑝𝑀 × 𝑇𝑝𝑀 → ℝ

- g𝑝
′ 𝑋, 𝑌 = 𝑑𝑓 𝑋 𝑑𝑓 𝑌 cos 𝜃[𝑑𝑓 𝑋 , 𝑑𝑓 𝑌 ]

- g𝑝
′ 𝑋, 𝑌 = 𝑠2g𝑝 𝑋, 𝑌 , ∀ 𝑋, 𝑌 ∈ 𝑇𝑝𝑀

g𝑝
′ = 𝑒2𝜆g𝑝,  𝜆 ∶ log conformal factor



Isometric deformation
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Curvature

7

• Normal curvature

• Principle curvature



Uniformization Theorem
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• Riemannian metric on any surface is conformally equivalent to one with 

constant Gaussian curvature (flat, spherical, hyperbolic).

g 
′ = 𝑒2𝜆g 



Uniformization Theorem
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• Parameterization to canonical domain

• Cross-parameterization



• From curvature to metric
-Target curvature 

𝐾′ = 0, 𝜅′
 =

1

𝑟
- Log conformal factor

𝜆 ∶ 𝑀 → ℝ

• Flattening to plane

- g′ = 𝑒2𝜆g

-No distortion

Uniformization Theorem
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g′ = 𝑒2𝜆g

𝑟



Isothermal coordinate
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• For any point 𝑝 on Riemann manifold (𝑀, g), ∃𝑈 𝑝 ⊂ 𝑀 and local 

coordinate 𝑠, 𝑡 , s.t. 

g = 𝑒2𝜂 𝑠,𝑡  (𝑑𝑠2 + 𝑑𝑡2)

𝑝

𝑈(𝑝)

(𝑠, 𝑡)

g = 𝐸𝑑𝑥2 + 2𝐹𝑑𝑥𝑑𝑦 + 𝐺𝑑𝑦2

(𝑥, 𝑦)



Gaussian curvature
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• 𝐾 = −
1

𝐸𝐺

𝐸
𝑡

𝐺
𝑡

+
𝐺

𝑠

𝐸
𝑠

= −
1

𝑒2𝜂 𝜂𝑡𝑡 + 𝜂𝑠𝑠 = −𝑒−2𝜂∆𝜂

• Set 𝜂 → 𝜂 + 𝜆,  𝐾′ = −𝑒−2 𝜂+𝜆 ∆ 𝜂 + 𝜆

• 𝐾′ = 𝑒−2𝜆 −𝑒−2𝜂∆𝜂 − 𝑒−2𝜂∆𝜆 = 𝑒−2𝜆(𝐾 − ∆g𝜆)

𝑝

𝑈(𝑝)

(𝑠, 𝑡)

g = 𝑒2𝜂(𝑑𝑠2 + 𝑑𝑡2)

g′ = 𝑒2𝜆g



• 𝜅 =
𝑑𝜃

𝑑𝑟 
−

ln 𝐸 𝑡

2 𝐺
cos 𝜃 +

ln 𝐺 𝑠

2 𝐸
sin 𝜃 =

𝑑𝜃

𝑒𝜂𝑑𝑟
−

𝜂𝑡

𝑒𝜂 cos 𝜃 +
𝜂𝑠

𝑒𝜂 sin 𝜃 = 𝑒−𝜂 (𝑘𝑐 − 𝜕𝒏𝑐
𝜂)

• Set 𝜂 → 𝜂 + 𝜆,  𝜅′
 = 𝑒−(𝜂+𝜆) 𝑘𝑐 − 𝜕𝒏𝑐

𝜂 + 𝜆

• 𝜅′
 = 𝑒−𝜆 𝑒−𝜂 𝑘𝑐 − 𝜕𝒏𝑐

𝜂 − 𝑒−𝜂𝜕𝒏𝑐
𝜆 = 𝑒−𝜆(𝜅 − 𝜕𝒏

𝑀𝜆)

Geodesic curvature

13

𝑝

g = 𝑒2𝜂(𝑑𝑠2 + 𝑑𝑡2)

(𝑠, 𝑡)

𝜃
𝑒𝑠

𝑒𝑡

g′ = 𝑒2𝜆g

𝒏𝑐

𝒏



Yamabe equation
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• Non linear differential equation

- ൝
𝐾′ = 𝑒−2𝜆(𝐾 −∆g 𝜆) 

𝜅′
 = 𝑒−𝜆(𝜅 − 𝜕𝒏

𝑀𝜆) 

𝜆

−

+

−=
𝑒−2𝜆

𝑒−𝜆 ∆



2Conformal equivalence 

of triangle meshes



• Discrete metric
- 𝑙 ∶ 𝐸 → ℝ+ ⟹ 𝑒𝑖𝑗 → 𝑙𝑖𝑗

- 𝑙𝑖𝑗
′ = 𝑒(𝜆𝑖+𝜆𝑗)/2𝑙𝑖𝑗 ,  𝜆 ∶ 𝑉 → ℝ

• Smooth Riemann metric

- 𝑋 = g𝑝 𝑋, 𝑋 , ∀𝑋 ∈ 𝑇𝑝𝑀

- 𝑋′ = 𝑒𝜆|𝑋|, ∀𝑋 ∈ 𝑇𝑝𝑀

Discrete conformal metric

16

g𝑝
′ = 𝑒2𝜆g𝑝

𝒗𝑖

𝒗𝑘

𝒗𝑗

𝑙𝑖𝑗

𝒗𝑚

𝒗𝑖
′

𝒗𝑘
′

𝒗𝑗
′

𝑙𝑖𝑗
′

𝒗𝑚
′



Conformal equivalence of triangle meshes
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• From log conformal factor: 𝑙𝑖𝑗
′ = 𝑒(𝜆𝑖+𝜆𝑗)/2𝑙𝑖𝑗

• From length cross ratio: 𝑐𝑖𝑗 =
𝑙𝑘𝑖𝑙𝑚𝑗

𝑙𝑖𝑚𝑙𝑗𝑘
⟹ 𝑐𝑖𝑗

′ = 𝑐𝑖𝑗

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH.

𝑐𝑖𝑗
′ =

𝑙𝑘𝑖
′

𝑙𝑖𝑚
′

𝑙𝑚𝑗
′

𝑙𝑗𝑘
′ =

𝑙𝑘𝑖𝑒(𝜆𝑘+𝜆𝑖)/2

𝑙𝑖𝑚𝑒(𝜆𝑖+𝜆𝑚)/2

𝑙𝑚𝑗𝑒(𝜆𝑚+𝜆𝑗)/2

𝑙𝑗𝑘𝑒(𝜆𝑗+𝜆𝑘)/2
=

𝑙𝑘𝑖

𝑙𝑖𝑚

𝑙𝑚𝑗

𝑙𝑗𝑘
= 𝑐𝑖𝑗

For 𝑖𝑗𝑘, 𝜆𝑖
𝑗𝑘

= log(
𝑙𝑖𝑗

′ 𝑙𝑖𝑘
′

𝑙𝑗𝑘
′ /

𝑙𝑖𝑗𝑙𝑖𝑘

𝑙𝑗𝑘
); for 𝑖𝑚𝑗, 𝜆𝑖

𝑚𝑗
= log(

𝑙𝑖𝑚
′ 𝑙𝑖𝑗

′

𝑙𝑚𝑗
′ /

𝑙𝑖𝑚𝑙𝑖𝑗

𝑙𝑚𝑗
)

𝒗𝑖

𝒗𝑘

𝒗𝑗

𝑙𝑖𝑗

𝒗𝑚



Optimizing log conformal factor
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• Treating angle as function of  𝜆 ∶ 𝑉 → ℝ

𝜃′
𝑖
𝑗𝑘

= arccos
𝑙′

𝑖𝑗
2

+ 𝑙′
𝑖𝑘
2

− 𝑙′
𝑗𝑘
2

2𝑙𝑖𝑗
′ 𝑙𝑖𝑘

′

• Parameterizing to a planar shape

-σ𝑖𝑗𝑘∈𝑆𝑡(𝑖) 𝜃′
𝑖
𝑗𝑘

= 2𝜋, ∀ 𝑖 interior vertex

-σ𝑖𝑗𝑘∈𝑆𝑡(𝑖) 𝜃′
𝑖
𝑗𝑘

= 𝛽𝑖, for 𝑖 boundary vertex

• Optimizing a convex energy

-𝐸 𝜆 = σ𝑖𝑗𝑘∈𝑇 𝑓(𝑡𝑖𝑗 , 𝑡𝑗𝑘 , 𝑡𝑘𝑖) +
1

2
σ𝑖 𝛼𝑖𝜆𝑖 , 𝑡𝑖𝑗 = log 𝑙𝑖𝑗

′

- 𝜕𝐸

𝜕𝜆𝑖
=

1

2
𝛼𝑖 − σ𝑖𝑗𝑘∈𝑆𝑡 𝑖 𝜃′

𝑖
𝑗𝑘

= 0 ⟹ 𝛼𝑖 = σ𝑖𝑗𝑘∈𝑆𝑡 𝑖 𝜃′
𝑖
𝑗𝑘

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH.

𝒗𝑖
′

𝒗𝑘
′

𝒗𝑗
′

𝑙𝑖𝑗
′

𝒗𝑚
′

𝜃′
𝑖
𝑗𝑘



𝜆2

𝜆3

𝜆1 + 𝜆2 + 𝜆3 = 0

𝑡12 = 𝑡23 = 𝑡31 = 0

Optimizing log conformal factor
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• Feasible set of 𝜆 ∶ 𝑉 → ℝ

-Triangle inequality: 

𝑙𝑗𝑘
′ + 𝑙𝑘𝑖

′ > 𝑙𝑖𝑗
′

𝑙𝑘𝑖
′ + 𝑙𝑖𝑗

′ > 𝑙𝑗𝑘
′

𝑙𝑖𝑗
′ + 𝑙𝑗𝑘

′ > 𝑙𝑘𝑖
′

-Extending: If 𝑙𝑗𝑘
′ + 𝑙𝑘𝑖

′ ≤ 𝑙𝑖𝑗
′ , 𝜃′

𝑘
𝑖𝑗

= 𝜋, 𝜃′
𝑖
𝑗𝑘

= 𝜃′
𝑗
𝑘𝑖

= 0

• Optimizing method

-Gradient descent 𝛿𝜆𝑖 = −
𝜕𝐸

𝜕𝜆𝑖

-Newton method Hess 𝐸 ⋅ 𝛿𝜆 𝑖 = −
𝜕𝐸

𝜕𝜆𝑖

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH.

𝑖

𝑘

𝑚

𝑗



Geodesic distance
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• Edge flip for global minimum 𝜆∗

- 𝑙𝑗𝑘
′ + 𝑙𝑘𝑖

′ ≤ 𝑙𝑖𝑗
′

- 𝑙𝑖𝑗
′ → 𝑙𝑘𝑚

′ = 𝑒(𝜆𝑘+𝜆𝑚)/2𝑙𝑘𝑚

• From planar to ℝ3

𝑗

𝑖

𝑘

𝑚



Constraining length cross ratio
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• Linearizing constraint: 

log 𝑐𝑖𝑗 = log(
𝑙𝑘𝑖

𝑙𝑖𝑚

𝑙𝑚𝑗

𝑙𝑗𝑘
) = 𝑡𝑘𝑖 + 𝑡𝑚𝑗 − 𝑡𝑖𝑚 − 𝑡𝑗𝑘 ≡ 𝑐𝑜𝑛𝑠𝑡

• Mesh conformal deformation
-Optimizing the vertex location 𝒗𝑖 ∈ ℝ3

-Treating the 𝑡𝑖𝑗 as the function of 𝒗i ⟹ 𝛿𝒕 = 𝐽𝛿𝒗

-Constraint 𝐿𝒕 ≡ 𝑐𝑜𝑛𝑠𝑡 ⟹ 𝐿𝛿𝒕 = 𝐿𝐽𝛿𝒗 = 𝟎

• Minimizing energy 𝐸(𝒗) under conformal mapping

- Local minima: <
𝜕𝐸

𝜕𝒗
, 𝛿𝒗 > = 0,  ∀ 𝛿𝒗 ∈ {𝐿𝐽𝛿𝒗 = 𝟎}

-Projected gradient descent 

Soliman, Yousuf, et al. "Constrained willmore surfaces." ACM Transactions on Graphics (TOG) 40.4 (2021): 1-17.

𝒗𝑖

𝒗𝑘

𝒗𝑗

𝑙𝑖𝑗

𝒗𝑚



Constraining length cross ratio
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• Optimizing Willmore energy:
𝐸 𝒗 = ∫ 𝐻 𝒗 2𝑑𝑆

Soliman, Yousuf, et al. "Constrained willmore surfaces." ACM Transactions on Graphics (TOG) 40.4 (2021): 1-17.



3Piecewise 

Möbius transformation



• 𝑓:  ℂ ∪ ∞ → ℂ ∪ ∞

- 𝑓 𝑧 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
,  𝑎𝑑 − 𝑏𝑐 ≠ 0. (If 𝑎𝑑 = 𝑏𝑐, then 𝑓 𝑧 =

𝑐 𝑎𝑧+𝑏

𝑐 𝑐𝑧+𝑑
=

𝑐𝑎𝑧+𝑎𝑑

𝑐 𝑐𝑧+𝑑
=

𝑎

𝑐
)

-Translation z ↦ 𝑧 + 𝑡1, dilation z ↦ 𝑡2𝑧, inversion z ↦
1

𝑧

• Circle preservation (Line as circle with radius ∞)

Möbius transformation

24



• For the triangle 𝑖𝑗𝑘 ∈ 𝑇, consider a Möbius transformation:

-  𝑖𝑗𝑘 ∈ 𝑇, 𝑧𝑖 , 𝑧𝑗 , 𝑧𝑘 ⊂ ℂ

- 𝑓 𝑧 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
, 𝑎𝑑 − 𝑏𝑐 = 1

• Mapping of edges:
-Edge line to circle arc

- 𝑧𝑖
′ − 𝑧𝑗

′ =
𝑎𝑧𝑖+𝑏

𝑐𝑧𝑖+𝑑
−

𝑎𝑧𝑗+𝑏

𝑐𝑧𝑗+𝑑
=

1

𝑐𝑧𝑖+𝑑 𝑐𝑧𝑗+𝑑
𝑧𝑖 − 𝑧𝑗

• Piecewise-compatible

-Denote 𝐷𝑖
𝑗𝑘

⇐
1

𝑐𝑧𝑖+𝑑

-Constraint on edge 𝑖𝑗:  𝐷𝑖
𝑗𝑘

𝐷𝑗
𝑘𝑖 = 𝐷𝑖

𝑚𝑗
𝐷𝑗

𝑖𝑚

Piecewise Möbius transformation

Vaxman, A. et al. (2015). Conformal mesh deformations with Möbius transformations. ACM Transactions on Graphics. 25

𝑧𝑖

𝑧𝑘

𝑧𝑗

𝑧𝑖
′

𝑧𝑘
′

𝑧𝑗
′

𝑧𝑖
′

𝑧𝑘
′

𝑧𝑗
′

𝑧𝑖

𝑧𝑘

𝑧𝑗

𝑧𝑚 𝑧𝑚
′



Piecewise Möbius transformation
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• Preserving length cross ratio: 

-𝑤𝑖𝑗 =
(𝑧𝑘−𝑧𝑖)(𝑧𝑚−𝑧𝑗)

(𝑧𝑖−𝑧𝑚)(𝑧𝑗−𝑧𝑘)
⟹ 𝑤𝑖𝑗 =

𝑧𝑘−𝑧𝑖 𝑧𝑚−𝑧𝑗

𝑧𝑖−𝑧𝑚 𝑧𝑗−𝑧𝑘
=

𝑙𝑘𝑖𝑙𝑚𝑗

𝑙𝑖𝑚𝑙𝑗𝑘

- 𝑤𝑖𝑗
′ =

𝐷𝑘
𝑖𝑗

𝐷𝑖
𝑗𝑘

𝐷𝑚
𝑗𝑖

𝐷𝑗
𝑖𝑚

𝐷𝑖
𝑚𝑗

𝐷𝑚
𝑗𝑖

𝐷𝑗
𝑘𝑖𝐷𝑘

𝑖𝑗 𝑤𝑖𝑗 =
𝐷𝑖

𝑗𝑘
𝐷𝑗

𝑖𝑚

𝐷𝑖
𝑚𝑗

𝐷𝑗
𝑘𝑖

𝑤𝑖𝑗

-Combining 𝐷𝑖
𝑗𝑘

𝐷𝑗
𝑘𝑖 = 𝐷𝑖

𝑚𝑗
𝐷𝑗

𝑖𝑚 ⟹ 𝐷𝑖
𝑗𝑘

= 𝐷𝑖
𝑚𝑗

, ∀ 𝑖

• Preserving circle intersection angles:

- cos 𝛼𝑒 = −
𝑅𝑒 𝑤𝑖𝑗

𝑤𝑖𝑗

-Combining 𝐷𝑖
𝑗𝑘

𝐷𝑗
𝑘𝑖 = 𝐷𝑖

𝑚𝑗
𝐷𝑗

𝑖𝑚  ⟹ 𝐷𝑖
𝑗𝑘 ഥ𝐷𝑖

𝑚𝑗
∈ ℝ, ∀ 𝑖

Vaxman, A. et al. (2015). Conformal mesh deformations with Möbius transformations. ACM Transactions on Graphics.

𝑧𝑖

𝑧𝑘

𝑧𝑗

𝑙𝑖𝑗

𝑧𝑚

𝑧𝑖

𝑧𝑘

𝑧𝑗

𝑧𝑚

𝛼𝑒



Piecewise Möbius transformation
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• Conformal constraint:

-Preserving length cross ratio: 𝐷𝑖
𝑗𝑘

= 𝐷𝑖
𝑚𝑗

, ∀ 𝑖

-Preserving circle intersection angles: 𝐷𝑖
𝑗𝑘 ഥ𝐷𝑖

𝑚𝑗
∈ ℝ, ∀ 𝑖

-Preserving both: 𝐷𝑖
𝑗𝑘

= 𝐷𝑖
𝑚𝑗

, ∀ 𝑖 (as Möbius as possible)

Vaxman, A. et al. (2015). Conformal mesh deformations with Möbius transformations. ACM Transactions on Graphics.



4Ricci flow and Calabi flow



Ricci flow

29

• Ricci energy:  𝐸 g = ∫ 𝐾 g + ∇𝑓 2 𝑒−𝑓𝑑𝜇, 𝑓 dilaton function

• Ricci flow (gradient flow):  
𝜕g

𝜕𝑡
= −∇𝐸 = −2 𝐾 g − 𝐾′ g

• Conformal metric: g = 𝑒2𝜆g0  ⟹ 𝐸 𝜆  convex and 
𝜕𝜆

𝜕𝑡
= 𝐾′ − 𝐾(𝜆)

𝜆

−

+

−=
𝑒−2𝜆

𝑒−𝜆 ∆



Discrete Ricci flow

30

• Log conformal factor:  𝜆𝑖 ∶ 𝒗𝑖 ∈ 𝑉 → ℝ, ∀ 𝑖

• Discrete Ricci flow: 
𝜕𝜆𝑖

𝜕𝑡
= 𝐾𝑖

′ − 𝐾𝑖

Yang, Yong‐Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.

𝐾𝑖 = 2𝜋 − ෍
𝑡𝑖𝑗𝑘∈𝑆𝑡(𝑖)

𝜃𝑖
𝑗𝑘



Gradient descent
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• Update : 𝜆𝑖 ← 𝜆𝑖 + 𝑡(𝐾′ − 𝐾(𝜆))

• From 𝜆𝑖 to compute 𝐾𝑖

- 𝜃𝑖
𝑗𝑘

= arccos
𝑙𝑖𝑗

2 +𝑙𝑖𝑘
2 −𝑙𝑗𝑘

2

2𝑙𝑖𝑗
 𝑙𝑖𝑘

 

-𝐾𝑖 = 2𝜋 − σ𝑡𝑖𝑗𝑘∈𝑆𝑡(𝑖) 𝜃𝑖
𝑗𝑘

• Dynamic triangulation

-Flip-on-degeneration

-Flip-on-Delaunay-violation

Yang, Yong‐Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.



Gradient descent

32

• Update : 𝜆𝑖 ← 𝜆𝑖 + 𝑡(𝐾′ − 𝐾(𝜆))

• From 𝜆𝑖 to compute 𝐾𝑖

- 𝜃𝑖
𝑗𝑘

= arccos
𝑙𝑖𝑗

2 +𝑙𝑖𝑘
2 −𝑙𝑗𝑘

2

2𝑙𝑖𝑗
 𝑙𝑖𝑘

 

-𝐾𝑖 = 2𝜋 − σ𝑡𝑖𝑗𝑘∈𝑆𝑡(𝑖) 𝜃𝑖
𝑗𝑘

• Dynamic triangulation

-Flip-on-degeneration

-Flip-on-Delaunay-violation

Yang, Yong‐Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.

1. Initialize：𝜆𝑖 = 0,  𝑙𝑖𝑗 = 𝑙𝑖𝑗
0

2. Computing 𝜃𝑖
𝑗𝑘

 and 𝐾𝑖 using 𝑙𝑖𝑗

3. If 𝐾′ − 𝐾 < 𝜖 ，terminate

4. Update 𝜆𝑖 ← 𝜆𝑖 + 𝑡(𝐾′ − 𝐾)

5. Update 𝑙𝑖𝑗 = 𝑒
𝜆𝑖+𝜆𝑗

2 𝑙𝑖𝑗
0  and dynamic 

triangulation

6. Repeat 2-5



• Gradient: 

∇𝐸 𝜆𝑖 = 𝐾𝑖 − 𝐾𝑖
′

• Hessian matrix 

𝐻𝑖𝑗 =
𝜕𝐾𝑖

𝜕𝜆𝑗
= ∆𝑖𝑗

• Update : 

𝜆𝑖 ← 𝜆𝑖 + 𝑡 ∆−1 𝐾′ − 𝐾
𝑖

Newton method

33Yang, Yong‐Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.

1. Initialize：𝜆𝑖 = 0,  𝑙𝑖𝑗 = 𝑙𝑖𝑗
0

2. Computing 𝜃𝑖
𝑗𝑘

, 𝐾𝑖 and ∆ using 𝑙𝑖𝑗

3. If 𝐾′ − 𝐾 < 𝜖 ，terminate

4. Update 𝜆𝑖 ← 𝜆𝑖 + 𝑡 ∆−1 𝐾′ − 𝐾
𝑖

5. Update 𝑙𝑖𝑗 = 𝑒
𝜆𝑖+𝜆𝑗

2 𝑙𝑖𝑗
0  and dynamic 

triangulation

6. Repeat 2-5



Dynamic triangulation

34

• Dynamic triangulation

-Flip-on-degeneration

-Flip-on-Delaunay-violation

• Newton method

- Local flip

-Global solver 

Campen, Marcel, et al. "Efficient and robust discrete conformal equivalence with boundary." ACM Transactions on Graphics (TOG) 40.6 (2021): 1-16.

Flip-on-degeneration

Flip-on-Delaunay-violation



Plane embedding

35Yang, Yong‐Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.

𝒖

𝒗

(0,0) (𝑙0, 0)

𝑙1𝑙2



Calabi flow

36

• Calabi energy:  𝐸 g = ∫ 𝐾 g − 𝐾′ 2𝑑𝐴g 

• Calabi flow (gradient flow):  
𝜕g

𝜕𝑡
= −∇𝐸 = −2∆ 𝐾 g − 𝐾′ g

• Conformal metric: g = 𝑒2𝜆g0  ⟹ 𝐸 𝜆  convex and 
𝜕𝜆

𝜕𝑡
= ∆(𝐾′ − 𝐾 𝜆 )

𝜆

−

+

−=
𝑒−2𝜆

𝑒−𝜆 ∆



• Log conformal factor:  

𝜆𝑖 ∶ 𝒗𝑖 ∈ 𝑉 → ℝ, ∀ 𝑖

• Discrete Calabi flow: 
𝜕𝜆𝑖

𝜕𝑡
= ∆ 𝐾 

′ − 𝐾 𝑖

• Gradient descent

• Approximate Newton method

           𝐻 =
𝜕(∆(𝐾−𝐾′))

𝜕𝜆
 

               = ∆2 +
𝜕∆

𝜕𝜆
𝐾 − 𝐾′

               ≈ ∆2 

Discrete Calabi flow

37Su, K. H., et al. "Discrete calabi flow: A unified conformal parameterization method." Computer Graphics Forum. Vol. 38. No. 7. 2019.

1. Initialize：𝜆𝑖 = 0,  𝑙𝑖𝑗 = 𝑙𝑖𝑗
0

2. Computing 𝜃𝑖
𝑗𝑘

, 𝐾𝑖 and ∆ using 𝑙𝑖𝑗

3. If 𝐾′ − 𝐾 < 𝜖 ，terminate

4. Update 𝜆𝑖 ← 𝜆𝑖 + 𝑡 (∆ or ∆−1) 𝐾′ − 𝐾
𝑖

5. Update 𝑙𝑖𝑗 = 𝑒
𝜆𝑖+𝜆𝑗

2 𝑙𝑖𝑗
0  and dynamic 

triangulation

6. Repeat 2-5



• Intersection of spheres

-൞

𝒛 − 𝒚 2 = 𝑙1
2

𝒛 − 𝒙 2 = 𝑙2
2

𝒛 2 = 𝑟2

• Intersection of line and sphere

-
< 𝒛, 𝒚 > = 𝑟2 −

𝑙1
2

2

< 𝒛, 𝒙 > = 𝑟2 −
𝑙2

2

2

𝒛 2 = 𝑟2

Sphere embedding

38Su, K. H., et al. "Discrete calabi flow: A unified conformal parameterization method." Computer Graphics Forum. Vol. 38. No. 7. 2019.

𝒙 𝒚

𝒛

𝑙0

𝑙1𝑙2



HWConjugate harmonic

functions



• Solving Laplacian equations:

-For interior vertices ቊ
Δ𝑢 = 0

 Δ𝑣 = 0 

-Boundary control

• Dirichlet boundary condition:
-Boundary curve 𝛾: 𝜕𝑀 → ℝ2 

𝑢 ቚ
𝜕𝑀

= 𝛾𝑢, 𝑣 ቚ
𝜕𝑀

= 𝛾𝑣

• Neumann boundary condition:
-Boundary gradients h: 𝜕𝑀 → ℝ2 

𝜕𝑀𝑢 = ℎ𝑢, 𝜕𝑀𝑣 = ℎ𝑣

Conjugate harmonic coordinates

40Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.

Hamonic, not conformal

Conformal, conjugate gradients 



Boundary condition

41

• Yamabe equations:

- ൝
𝐾′ = 𝑒−2𝜆(𝐾 −∆g 𝜆) 

𝜅′
 = 𝑒−𝜆(𝜅 − 𝜕𝒏

𝑀𝜆) 

• Integration:

- ൝
∆g𝜆𝑑𝐴 = 𝐾𝑑𝐴 − 𝐾′𝑒2𝜆𝑑𝐴 

𝜕𝒏
𝑀𝜆𝑑𝑠 = 𝜅 − 𝜅′

 𝑒
𝜆𝑑𝑠

• Discretization:
- ∆𝜆 𝑖 = 𝐾𝑖 − 𝐾𝑖

′

- 𝑙𝑖𝑗
′ = 𝑒(𝜆𝑖+𝜆𝑗)/2𝑙𝑖𝑗 ?

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.

𝜅𝑖
′
 

𝑙𝑖𝑗
′

 𝜅𝑖
′
 

𝑒(𝜆𝑖+𝜆𝑗)/2𝑙𝑖𝑗

න(𝐼 + 𝛿)
𝜕𝛾

𝜕𝑠
𝑑𝑠

 



𝜅2
′

𝜅1
′

Boundary optimization

42

• Geodesic curvature 𝜅𝑖
′

-Cumulative angle: 𝜓𝑝 = σ𝑖=1
𝑝−1

𝜅𝑖
′

-Unit tangent vector: 𝑇𝑖𝑗=𝛾𝑝→𝑝+1
= cos 𝜓𝑝 , sin 𝜓𝑝

• Formulation:

-Energy: σ𝑖𝑗∈𝜕𝑀 𝑙𝑖𝑗
−1 𝑙𝑖𝑗

′ − 𝑒
𝜆𝑖+𝜆𝑗

2 𝑙𝑖𝑗

2

-Constraint: σ𝑖𝑗∈𝜕𝑀 𝑙𝑖𝑗
′ 𝑇𝑖𝑗 = 𝟎

• Boundary curve:
- (𝑢1, 𝑣1) = (0, 0)

- (𝑢𝑝, 𝑣𝑝) = σ𝑖𝑗∈𝛾1→𝑝
𝑙𝑖𝑗

′ 𝑇𝑖𝑗

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.



Boundary first flattening
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• For boundary, specify either length (or curvature) of target curve

• Solve Yamabe problem to get complementary data

• Optimize  boundary data to get close boundary curve

• Solve conjugate harmonic coordinates

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.
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