Discrete Differential - Curves

USTC, 2024 Spring

Qing Fang, fg1208@mail.ustc.edu.cn
https://qingfang1208.github.io/



mailto:fq1208@mail.ustc.edu.cn
https://qingfang1208.github.io/

Applications of curves

> Geometry




Applications of curves

> Geometry

> Physics




Smooth Plane Curve



Representation of curves

> Implicit
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Representation of curves

> Implicit
kv =1

> Explicit

x(6) = cos 6
y(@) = sinf




Parameterized curve

> A parametrized plane curve is a continuous functiony : I » R?, where

the domain I € R is some (connected) interval on the real line.




Reparameterization

» Two parametrizationsy; : Iy » R?andy, : I, > R? are said to yield
the same curve if there exists a continuous and continuously invertible

function ¢:1; — I, , called a reparameterization, such that y,(t) =

Y2(p(t)) forallt € I{;inshorty; =y, o @



Reparameterization
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Differential of a curve

Y6 = i YO

> Tangent to a curve

140)
ly1(s)]

Unit tangent: T(s) =

Arc length parameterized



Regular curves

~ A parametrized curvey : I —» R?isregular if y has continuous first

derivative, and has non-vanishing speed |y'(s)| # 0 forall s € I.

~ Every regular parametrized curve y : I — R? can be reparametrized by

its arclength.
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ol

b S
[ =]|a,bl, L= f ly'(t)|dt = ¢:[0,L] - [a,b],p(s) = a +f
a 0



k-th order smooth curves

> A regular parametrized curve is k-th order smooth if y has continuous k-th
derivative, write as C*(I, R?). If in addition |y'| # 0, then ¥ is called a C*

regular parameterized curve.

C*(L,R?), ly'| # 0 C2(I,R?),ly'l # 0



Irregular C*(I, R?)

> y=x2>y(s) = (s5,57%)

(s3,83),s >0
(s3,—s3),s <0

>y = |x| > §(s) =




Curvature

> The rate of change of T

dT
(T, T) =1 =><—,T> =0
ds

dT
— N

“B ds




Osculating circle

Rcos (s/R)

> Circle:y(s) = Rsin(s/R)

~ [—sin (s/R)
T(s) = [ cos(s/R)

_ [—cos (s/R)
N(s) = [—sin(S/R)

= T(s) = %N(s)




Turning angle

As T(s) = cos 8(s) + isinB(s) = e'?S), we can define 8:1 - R mod 2




Turning angle

As T(s) = cos 8(s) + isinB(s) = e'?S), we can define 8:1 - R mod 2

dT_d w(s)_,de ig_dQN:) _d9
ds _dse _ldse ds K_ds

b
6(b) —0(a) = f k(s)ds



Turning number

The turning angle T (s) of a close curve is always multiples of 2m. We can define

_ T(W)-T(0)

turning number : k

2T




Whitney-Graustein Theorem

> Two curves are related by regular homotopy if one can continuously “deform”

one into the other while remaining regular (immersed).

> Theorem : Two curves have the same turning number k if and only if they are

regularly homotopic.




Winding number

Winding number n is the number of times the curve “goes around” a particular

point p




Turning number and winding number

> Turning number k is the winding number of

tangent curve T'(s) around original point.

> Winding number n is turning number of a
new curve obtained by projecting the curve

onto the circle around p




Fundamental theorem of plane curves

> Up to rigid motions, an arclength parameterized plane curve is uniquely

determined by its curvature.

> Curvature tells us how to “steer” as we move at unit speed.

turn left

turn left




Recovering a curve from curvature

> Given only the curvature function, how can we recover the curve?
1. 6(s) = 0(0) + [, r(t)dt
2. T(s) = (cosB(s),sinb(s))

3 y(s) = [ T(t)dt



Discrete Plane Curve



Polygonal curve

> A discrete plane curve, or more precisely a polygonal curveisamapy: [ =

R? where [ is the ordered index set I = (Sg, Sy, .+, Sy—1,Sn)




Discretization

- Differential - edge vector: (dy);; = v; — Vi
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Discretization

- Differential - edge vector: (dy);; = v; — Vi
- Discrete tangent: T;; = (dy);;/[(dy);;|. Discrete normal: Ny; = iTy;

> Arc length parametrized: |(dy)l-j| = ¢ > 0 for all edges.



Regular discrete curve

> A polygonal curve is called regular if |(dy)ij| #+ 0 and T;; # —Tj; for all edges.

regular Y0 not regular




Regular discrete curve < locally injective map

50 51 82 53

locally injective not locally injective



Discrete curvature

> 8(b) —0(a) = ff k(s)ds = vertex exterior angle (turning angle)




Discrete curvature

> Osculating circle = vertex osculating circle




Fundamental theorem of discrete plane curves

> Up to rigid motions, a regular discrete plane curve is uniquely determined

by its edge lengths and turning angles.

1. 641 =001 + Xg=1%

2. Tij41 = (c0s8;i41,5n0;;41)

3. Vi=Yot 2%:1 Th_1k




Smooth Space Curve



Frame of curves

> Afunction N: I — S? satisfying

(N,T) = 0is a normal vector field.

> B =T X N is called binormal vector

field.

> {T, N, B} is an orthonormal basis (or

frame).




Frenet—Serret frame

dT
ds

- dT i 4 P
>As(T,T):1=><E,T>=O,setN—ds/|ds|(l€— * 0)

> TorsionT:(N,N)=1= <Z—IZ,N> =0, setccll—lz= ol + 1B

> We have g = <Z—I:,T> — —<£,N> = —K, e —TN



Fundamental theorem of space curves

> Given the curvature and torsion of an arc-length parameterized space

curve, we can recover the curve itself.

d|T 0 k O[T
d—N=—KOTN
*|B 0 -t ollB




More than Frenet—Serret frame

a7 I _ dT ,, dT ; =
> <E’T> =0,N = ds /| - | = select any normal field (N,T) = 0

d|T 0 K1 Kz_ T
S N ) _Kl O A N
ds

B —k; —1 OfLB

> Twist T = <d—N,B> = —<d—B,N>
ds ds



Bishop frame(no twist)

> T = 0: How to compute? Solving initial value PDE :

‘

W= T = —<£,N>T
< ds ds

\

~ For a close curve, not always has Bishop frame, e.g. N(L) # N(0)



Frame with constant twist

> Definition: T = c.
> Any frame can be modified into a uniformly twisted frame without

changing the total twist T = fOL 7(s)ds.

dN dT T

— = — T=——,N>T —(T XN

> c=%, we have < ds 1 <dS +L( )
N(0) = Ny




Discrete Space Curve



Polygonal curve

> A discrete space curve, or more precisely a polygonal curveisamapy : [ —

R3 where [ is the ordered index set I = (Sg, Sy, .+» Sy—1,Sn)




Discretization

- Differential - edge vector: (dy);; = v; — Vi

- Discrete tangent: T;; = (dy);;/|(dy)ijl.

Y

A polygonal curve is called regular if |(dy)l-j| # 0and T;; # —Tj; for all edges.
- Discrete normal plane: Tl-# ={v € R3, (v, Tij) =0}, {N,B} € Tl-#

> Discrete curvature: a; = cos‘l((Ti_Li,Ti,Hl))



Discretization

> Discrete Frenet—Serret binormal vector on vertex y;:

Ti—1,iXTii+1

Bi —
|Ti—1iXTjit1]
> Dihedral rotation :

Rp (@;):Ti—1,; = Tijit+q

> Parallel transport :

Rp (a;)N;_1; = Njjiy1



Discretization

> Discrete twist:

Bi = cos ™Y Rp.Ni—1 4Ny 141)

> Constant twist:

Il
o

bi




Fundamental theorem of discrete space curves

Given:
~ Edge lengths [; ; 14, curvatures «;, torsions f;

> Initial point y,, tangent Tj 1, and normal Nj 4

Fori=1,...n
Vi Vieq + L iEE
Ti,i+1 — RTi_lliXNi_lli(ai)Ti—l,i
Ni,i+1 S RTi,i+1 (:Bl')RTi_lliXNi_lli(ai)Ni—l,i

end



